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Internal relations between the Damour-Rut~ni approach and the Unruh ap- 
proach to dealing with the Hawking effects are shown. The Unruh-type analyt- 
ical wave functions can be obtained by means of the analytical continuation 
method suggested by Damour and Rul~ni. In fact, Unruh-type analytical wave 
functions are complex conjugate functions of Damour-Ruffini type. Normaliz- 
ing each of them, or making use of them to construct the Bogoliubov transfor- 
mation, one can get the same Hawking thermal spectrum. The pure state wave 
function defined on the connected complex r space-time manifold is a mixture 
showing thermal properties in the real r space-time manifold, which is divided 
into two parts by the event horizon. 

Different approaches to verifying the Hawking effect have been sug- 
gested by Hawking (1975), Unruh (1976), Hartle and Hawking (1976), 
Gibbons and Hawking (1977), Damour  and Ruttini (1976), and others. 
The Hawking, Unruh, Hartle, and Gibbons approaches are often used in 
black hole thermodynamics. There has been recent interest in the D a m o u r -  
Ruffini approach (Zhao and Gui, 1983; Sannan, 1988; Kim et al., 1989) 
and it has been successfully applied to deal with the Hawking effect of  
nonstationary black holes (Zhao and Dai, 1992; Zhao, 1993). The purpose 
of this paper is to point out the internal relation of the Damour-Rufl in i  
approach and the Unruh approach, and to explore the physical aspect of 
the Damour-Ruff ini  approach. 
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1. D A M O U R - R U F F I N I  A P P R O A C H  

After separation of  variables as (Damour  and Ruffini, 1976) 

1 1 
~o~t,. - (4ztog) u/2 r R(r, t)Ytm(O, dp) (1) 

the Kle in-Gordon equation 

(g vV  vv - = 0 (2 )  

in the Schwartzschild space-time 

ds 2 = - (  1 - 2M /r) dt 2 + ( 1 - 2M /r) -~ dr 2 + r2(dO 2 + sin 2 0 d~b 2) (3) 

can be written as a radial equation and an angular equation, 

[ ( 2 M )  -1 d2 d ~_~ 2 2-]R~ l(l+l)Rr 
- 1 - - -  r 2 - ~ + ~ r ( r 2 - 2 M r  ) +It r [ r  = (4) 

(, 0 0 , 5 )  si--~ ~--~ sin 0 ~--~ + sin2-----0 u (5) 

where M is the mass of  the black hole, and ~, co, l, and m are, respectively, 
the mass, energy, angular momentum quantum number, and magnetic 
quantum number of  the K G  particle. With the tortoise coordinate 

{:  +(1/2x) l n ( r - r H ) '  r > r H  (6) 
r , = r  + (1/2x) ln[r - r H [  = + (1/2x) ln(rH - r), r < r H  

we can write equation (4) as 

- - ~ + ~ r 2 , - -  1-- r ,]L r3 r2 b#2 R ( r , , t ) = O  (7) 

where rH = 2M and x = 1/4M are, respectively, the location and the surface 
gravity of  the event horizon. Let r go to rH; equation (7) can be reduced 
to 

a = 0  (8) 

so we obtain the ingoing wave solution 

R in = e -  io,<, +r.) = e-~o,v (9) 

and the outgoing wave solution 

R ~  ut =e-iC~ -ic~ (r > r H )  (I0) 

outside the event horizon and near it. Here 

v = t  + r . ,  u = t - r .  (11) 
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are, respectively, the advanced and the retarded Eddington-Finkelstein 
coordinates. When we adopt the advanced coordinate v, the components of 
the metric tensor are analytical at the event horizon. The ingoing wave is 
also analytical. But the outgoing wave 

R~Ut = e 2icor, e - ioJv ~-. eZi'~ e - i '~176 --  2M)i4M~~ (r > rH) (12) 

is not. Damour  and Ruffini extend it by analytical continuation to the 
inside of  the horizon through the lower half complex r plane: 

( r  - 2 M ) - - ,  Ir - 2 M  I e - ' =  = (2M - r) e -i" (13) 

R ~ U t - - - } ~ t = e 4 n M ~ 1 7 6 1 7 6  (r < rH) (14) 

Then we get the general outgoing wave 

~eo AT /Dout  ~ ~4nMogDout~ 
= ~ , , o t l ,  l ~ - ~  , - i i  J ( 1 5 )  

where No~ is a normalization factor, and 

f e  2i~ e--iwv r > r H 
R ~  ut 

--- [ 0 ,  r < rH ( 1 6 )  

_~e2iC~ -ie~ r < r n  (17) 
R~?t*  - -  ( 0 ,  r > rH 

The inner product is 

(4),0, q~,~) = NL(1 - e 8"Mo) (18) 

B e c a u s e  eSnM~ l ,  w e  have 

(~bo~, ~b,o) = - 1 (19) 

SO 

where 

1 
N 2 = (20) 

e rn /kBT-  1 

K 
T =  

2nkB  

This is the Hawking temperature. 

(21) 

2 .  F R O M  D A M O U R - R U F F I N I  T O  U N R U H  

Solving the wave equation (8) respectively inside and outside the event 
horizon, we find that both of the ingoing wave solutions are the same 

R in = e - i ~ ,  + r.) = e - ~,o,, ( 2 2 )  
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It is analytical at the event horizon. The outgoing wave solutions are, 
respectively, 

R ~  ut = e -io~(t- ,,) = e-i~ou (r > rH) (23) 

R'{? t = e -ion(,, - ,) = eiO~ (r < r u )  (24) 

Here, r ,  is a time coordinate, and t is a space coordinate inside the black 
hole. Equations (23) and (24) are analytical respectively outside and inside 
the horizon. But neither is analytical at the horizon. The field modes (23) 
and (24) form a complete orthonormal basis for outgoing waves. Every 
outgoing wave packet crossing the event horizon may be expanded by them 
a s  

~ o u t  f A,.,,riq(l)~out .1_/~(2)Dout _t_/~(I)lDout* /.(2)$DOUt*] ( 2 5 )  
J~,--~t~co ~t~, I T ur a~'ll / uc~ A~- i + t)co 1-11 j 

where o,o'- (1).. v~-(2), v~,h (1)'t , and vo,h(2)* are, respectively, annihilation operators and 
creation operators of the particles outside and inside the event horizon. 
With them, one can have a Fock basis and define the outgoing vacuum 
state 10)out as 

(1) b,o 10)o,, = b~)10)out = 0 Vo) (26) 

On the other hand, extending the outgoing wave (23) by analytical 
continuation to the inside of the event horizon through the lower half 
complex r plane, one gets another wave function 

. ~ ? t  = e4nMr e-i,ou = e,~,O/~R,~?t, (r < rn  ) (27) 

where x = I / 4 M .  This is the same as equation (14). R~t  ut* is the complex 
conjugate function of (24). In fact, it is just equation (17). 

Introducing the null Kruskal coordinates as 

U = - ( 1 / x )  e-~U, 

V = (l/x) e ~ (r > ru )  (28) 

U = (1 / x )  e - " '  

V = ( l / x )  e K~ (r < r n )  (29) 

o r  

u = ( - -  l / x )  I n ( - x U )  

v = ( l /x)  ln(xV) (r > r n )  

fu  = ( - 1/~c) ln(xU) 
[v = ( 1/x) ln(x V) (r < r n ) 

(30) 

(31) 
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One can rewrite equat ions  (23), (24) and (27), respectively, as 

R~'~t = exp[(io9 Ix) In( - x U)] (r > rn ) 

R~'~ t = exp [ ( - i~o /x )  ln(xU)] (r < rN) 
(32) 

R~'l~t = exp(n(o/x) exp[(ko/x) ln(xU)] 

= exp[(ko/x) In( - xU)] 

Here ,  we used the relation 

In( - 1) = - i:t (33) 

The  functional  fo rm of  R ~  ut is different f rom that  o f  R~'? t. But it is the same 
as that  o f  /~? , .  Therefore ,  the combina t ion  o f  R~ "t and K ~ t  can be 
regarded as an identical and analytical  wave function, crossing the event 
horizon,  as 

-out _ R~,t e,~,o/,~R~t. (34) Pl "~ R~ ut + RII -- + 

Similarly, if one extends the complex  conjugate  of  the outgoing wave R~"' 

R~ '"t* = e i~" (35) 

by analytical  cont inuat ion  to the inside of  the hor izon through the lower 
ha l f  complex  r plane, one has 

R~'I ~t* = e-,~,o/~ ei,Ou = e -nW/XR~t  (36) 

Clearly, the combina t ion  

P2 "~ R~ ut* + / ~ 1  ut* = R~ ut* "t- e z~ (37) 

can also be regarded as an identical and analytical  wave function, crossing 
the horizon.  

In fact, equat ion  (34) is the same as equat ion (15) except for the 
normal iza t ion  factor  No,. Calculat ing their inner product ,  one has 

( P l , P ] )  -,,(1 - - e  2n~ < 0  
(38) 

(P2,  P2)  "~ ( - -  1 + e - 2.~/~) < 0 

so bo th  p~ and P2 are negat ive-frequency waves. We define 

f *  = enW/2'~p2 = e't'~/2'cR~ ut* q- e n~~ (39) 

f *  = e -~"/2"pl = e . . . .  /2tCR~Ut + e,~,o/2,,R,~?t. 

and 

f l  = e'~~ "t + e -nr176 

f2 = e . . . . .  /2KR~Ut* + e n ' ~ / 2 K R ~  t 

(40) 
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They also form a complete orthonormal basis for the outgoing wave. Every 
outgoing wave packet crossing the event horizon may be expanded by them 
a s  

f d (2)*r ~ (41) q~o,t = do9 [2 sinh(no9/K)] - l / 2 ( d ~ ) f l  "T" t4o~J2 "l" " t a L  .,/(2)~ ~ d ( l ) t ~ j l  "JI- --m J 2 ] 

dO) -/(2) d ( l ) t  d ( 2 ) t  o,. u o ,  --o~ , -~, are annihilation operators and creation operators, 
respectively. With them, one can construct another Fock space whose  
vacuum state is 10)o.t: vacuum state is 10)o.t: 

dOHnx' - d(2)lfIv -- 0 (42) oJ I ~ / o u t -  ~ra  I V / o u t -  

It is easy to see that the ingoing wave solutions (22) form another 
complete orthonormal basis for the ingoing wave. Every ingoing wave 
packet can be expanded by them as 

f , ,,in,~ (43) ~b in -~- do9 (a,oR in + ao, tt  ) 

so one can define the ingoing vacuum state 10)i. as 

ao, [0)i n "~-- 0 ( 4 4 )  

Because the analytical properties of the modes (40) are the same as the 
modes (22) on the space-time manifold, and they are analytical not only 
inside but also outside the event horizon including the horizon itself, they 
should correspond to the same vacuum state, so 

lO)>;m = [O>m (45) 

It is easy to get the Bogoliubov transformation 

- -  ~ o J l 2 x  (2)t +,oh") = [2 sinh(zrog/x)] -l/2r,,'~'~ ~ l ) L _  -,o + e do ] (46) 

--__- 4 -  a - n c ~  d (  I ) t  1 ~ to  h (2 )  [2 sinh(rcog/tc)] -l/2[eU'~ __  _ - o  J 

and to prove that there exist outgoing particles, in the ingoing vacuum 
state, as 

1 
�9 ~'Olh(l'2)th(l'2)lfls. = [ 2  sinh(rrog/x)] - 1 e-'+'l'/" = (47) 
m \ ~ l ~ o  ~co l + / m  e 2nc~ - 1 

This shows that the ingoing vacuum state is transformed into an outgoing 
state containing thermal particles after scattering on the event horizon. 

We obtain the Unruh-type analytical functions (39) and (40) making 
use of the analytical continuation method suggested by Damour and 
Ruffini, and we prove that there exists Hawking radiation by means of the 
Unruh-type Bogoliubov transformation. 
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3. FROM U N R U H  TO D A M O U R - R U F F I N I  

Now, we will point out that the Unruh-type analytical function (40) 
can be directly obtained by means of the Damour-Ruffini analytical 
continuation, but through the upper half complex r plane. And we can get 
the Hawking thermal spectrum after calculating the inner product of the 
Unruh-type wave function by means of the Damour-Ruffini approach, 
without the Bogoliubov transformation (46). 

Extending the outgoing w a v e s  R ~  ut and R ~  at* outside the horizon to 
its inside by analytical continuation through the upper half complex r plane 
as  

(r -- 2M) --* Ir - 2M I e ir~ = (2M - r) e in (48) 

we have 

R],Ut ~ ~,~t = e - ' ~ ' / " R ~  t* (49) 

R ~  ut* ~ 1~1 ut* = e ' ~ / " R ~  t (50) 

The analytical wave functions across the event horizon can be written as 

~b I ~ R ~  ut + e - '~ '~  (51) 

~//2 " R ~  ut* + ene'/~:R~ t (52) 

Equation (51) multiplied by e ~0'/2~ is just f ,  in equation (40). Equation (52) 
multiplied by e -'~~ is f2. It is clear that the Unruh-type analytical 
functions have been obtained by means of the analytical continuation 
method suggested by Damour and Ruffini. 

Carrying out the Damour-Ruflini approach continually, we get the 
Hawking thermal spectrum from the Unruh-type wave functions (51) and 
(52), without the Bogoliubov transformation. Introducing a factor N 1 e ~~ 
we can write equation (51) as 

Ill 1 = N l (en~ + R ~ ' * )  ( 5 3 )  

where Nl is a normalization factor. Calculating the inner product, we have 

1 = (d/i ,  ~1)  = N ~ (  e2, ' ' /"  - 1) (54) 

so we get the Hawking thermal spectrum 

1 
N~ - e2~O,/~ _ 1 (55) 

Similarly, multiplying by a normalization factor N2, we can show equation 
(52) as 

~b2 = N 2 ( R ~  ut* + e'~O'/"R~ t) (56) 
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Its inner product is 

1 = (~b2, ~'2) = N ~ (  - 1 + e 2~'/~) ( 5 7 )  

The thermal spectrum is still 

1 
N~ = e2~o,/~ _ 1 (58) 

By the way, the difference between equations (15) and (34) is only the 
normalization factor No,. The thermal spectrum (20) obtained by means of  
the Damour-Ruff in i  approach is just that given by the inner product of  pn. 
Introducing a normalization factor, we can write as 

p, = N3(R~ ut + e'~'~ t*) (59) 

Calculating the inner product 

(Pl, P, ) = N32( 1 - e 2~o,/~) < 0 (60) 

so (p~, p~) = - 1 ,  we have the thermal spectrum 

1 
N2 - e 2~~ - 1 (61) 

Similarly, introducing a factor N4 e ~o,/~, we have 

P2 = N4(e'W~/'CR~ ut* + R~I ut) (62) 

so we get 

- 1 = (P2, P2) = N 2 (  - e2~'~ + 1) ( 6 3 )  

1 
N42 = e 2~'~/~ - 1 (64) 

With the Schwarzschild coordinates, neither R~ ut n o r  R~I ut is analytic at the 
event horizon. One can think that the black hole space-time is divided into 
two parts by the horizon, r > rn and r < rn.  When r is regarded as a 
complex number, both R~ ut and R~ ut* can be extended to the inside of  the 
black hole by analytical continuation through the complex r plane, so each 
of  the wave functions ~'1, ~2, Pl, and P2 can be regarded as an analytical 
function of  the complex manifold. They are pure quantum states in the 
complex space-time. When r is regarded as a real number, the real 
space-time is divided into two parts by the event horizon. Each one of  the 
outgoing waves  ~/11, ~//2, Pl, and/2 2 is also divided into two parts. One part 
is inside the black hole, another part is outside the black hole. No 
information can transit the event horizon from inner to outer, so the two 
parts of  every outgoing wave are not correlated with each other. Then, the 
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pure state wave functions ~kt, ~02, p~, and P2 in the complex space-time are 
mixtures in the real space time, which shows thermal properties. This is the 
physical significance of the Damour-Ruftini approach. 

4. CONCLUSION 

The Unruh-type analytical wave functions can be obtained by means 
of the Darnour-Ruffini approach, f *  andf~' (i.e., pt and P2) given by the 
analytical continuation through the lower half complex r plane (Damour-  
Ruffini) are, respectively, the complex conjugate functions off~ and f2 (i.e., 
~O~ and ~02) given by the continuation through the upper half complex r 
plane (Unruh). Normalizing these wave functions, or making use of them 
to construct the Bogoliubov transformation, one can get the same Hawking 
radiation spectrum. 

The physical significance of the Damour-Ruftini approach is that the 
pure state wave function defined on the connected complex (r) space-time 
manifold is a mixture showing thermal properties in the real r space-time 
manifold, which is divided into two parts by the event horizon. 
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