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Damour—Ruffini and Unruh Theories of the
Hawking Effect
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Internal relations between the Damour—Ruffini approach and the Unruh ap-
proach to dealing with the Hawking effects are shown. The Unruh-type analyt-
ical wave functions can be obtained by means of the analytical continuation
method suggested by Damour and Ruffini. In fact, Unruh-type analytical wave
functions are complex conjugate functions of Damour—Ruffini type. Normaliz-
ing each of them, or making use of them to construct the Bogoliubov transfor-
mation, one can get the same Hawking thermal spectrum. The pure state wave
function defined on the connected complex r space-time manifold is a mixture
showing thermal properties in the real r space-time manifold, which is divided
into two parts by the event horizon.

Different approaches to verifying the Hawking effect have been sug-
gested by Hawking (1975), Unruh (1976), Hartle and Hawking (1976),
Gibbons and Hawking (1977), Damour and Ruffini (1976), and others.
The Hawking, Unruh, Hartle, and Gibbons approaches are often used in
black hole thermodynamics. There has been recent interest in the Damour—
Ruffini approach (Zhao and Gui, 1983; Sannan, 1988; Kim et al., 1989)
and it has been successfully applied to deal with the Hawking effect of
nonstationary black holes (Zhao and Dai, 1992; Zhao, 1993). The purpose
of this paper is to point out the internal relation of the Damour—Ruffini
approach and the Unruh approach, and to explore the physical aspect of
the Damour-Ruffini approach.
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1. DAMOUR-RUFFINI APPROACH
After separation of variables as (Damour and Ruffini, 1976)
wim = reo) P 7 R(r, Y (6, ¢) (D
the Klein—Gordon equation
8"V, V, —p)®=0 (2
in the Schwartzschild space-time
= —(1=2M/r)dt* + (1 —=2M/[r) =" dr* + r¥(d0? +sin’> 6 dp?) (3)
can be written as a radial equation and an angular equation,
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where M is the mass of the black hole, and u, w, /, and m are, respectively,
the mass, energy, angular momentum quantum number, and magnetic
quantum number of the KG particle. With the tortoise coordinate
r+(1/2k) In(r —ry), r>ry

r+(12¢) In(r, —r), r<ry (6)

re=r+(1/2¢) Inlr —ry,| = {
we can write equation (4) as

0% 02 MN\[2M Kl +1) 2 _
{—F+572;—<1_T)I:_I'T+ 2 +u |PR(ry, ) =0 (7N

where ry; =2M and x = 1/4M are, respectively, the location and the surface
gravity of the event horizon. Let r go to ry; equation (7) can be reduced

to
0?07
(“a:z or 2>R 0 ®)
so we obtain the ingoing wave solution
Rin=e—iw(t+r‘)=e—iwv (9)

and the outgoing wave solution
R?ut=e—iw(t——r.)=e~iwu (r>rH) (10)
outside the event horizon and near it. Here

v=t+r,, u=t-—r, (1)
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are, respectively, the advanced and the retarded Eddington-Finkelstein
coordinates, When we adopt the advanced coordinate v, the components of
the metric tensor are analytical at the event horizon. The ingoing wave is
also analytical. But the outgoing wave

R(')ul = eZiwr, e—iwv = e2i¢ur e—iwv(r _ 2M)i4Mw (r > rH) (]2)

is not. Damour and Ruffini extend it by analytical continuation to the
inside of the horizon through the lower half complex r plane:

(r—2M)-|r—2M|e "=2M —r)e~" (13)
R{M — Ropt = gnMw g2ior, p—iov (r < 7)) (14)

Then we get the general outgoing wave

b = N, (RT™ + e M2 RY¥) (15)
where N, is a normalization factor, and
e2iwr* e—iwv r>r
Rout — ’ H 1
! {0, r<ry (16)
Rou“‘ _ eZiwr‘ e-iwr’ r< ry (17)
"0, r>ry
The inner product is
(d’w’ d)w) =N2w(1 __eSnMw) (18)
Because e¥™M“ > |, we have
(¢w’ ¢w)= -1 (]9)
S0
5 1
NZ kT ] (20)
where
K
T =
2nky (21

This is the Hawking temperature.

2. FROM DAMOUR-RUFFINI TO UNRUH

Solving the wave equation (8) respectively inside and outside the event
horizon, we find that both of the ingoing wave solutions are the same

Ri“ze_i“’(’+’¢)=e'i“’" (22)
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It is analytical at the event horizon. The outgoing wave solutions are,
respectively,

R?Ut =e —in(t—r,) = e—iwu (r > rH) (23)
f=e 0=l (r<ry) (24)

Here, r, is a time coordinate, and ¢ is a space coordinate inside the black
hole. Equations (23) and (24) are analytical respectively outside and inside
the horizon. But neither is analytical at the horizon. The field modes (23)
and (24) form a complete orthonormal basis for outgoing waves. Every
outgoing wave packet crossing the event horizon may be expanded by them
as

o = f dolbQRS™ + BPRY + bOIRE + PRI (25)

where 50, b, p(VT and bP' are, respectively, annihilation operators and
creation operators of the particles outside and inside the event horizon.
With them, one can have a Fock basis and define the outgoing vacuum
state [0),,, as

500w =530 =0 Vo (26)

On the other hand, extending the outgoing wave (23) by analytical
continuation to the inside of the event horizon through the lower half
complex r plane, one gets another wave function

R’ﬁut = e47er e~—iwu = enw/KRtl)lut* (r < rH) (27)

where k = 1/4M. This is the same as equation (14). R{"* is the complex
conjugate function of (24). In fact, it is just equation (17).
Introducing the null Kruskal coordinates as

{(V] - (_1/(::)/:)@6 s (28)

g:((ll//:)) :;"" (r<ry) (29)
or

{Z : 1_/:)/’;1)1(1;?:/)— KU)(, >r) (30)

{Z :é ;:)/T;(l::f)m <ra) a31)
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One can rewrite equations (23), (24) and (27), respectively, as
R = expl(iow /) In( —xU)] (r>ry)
nt =expl( —iw/k) In(kU)]  (r <ry)

Rovt = exp(nw /) expl(iw/x) In(xU)] (32)
= expl(iew/x) In( —xU)]
Here, we used the relation
In(—1)=—in (33)

The functional form of R{* is different from that of R{*. But it is the same
as that of R9". Therefore, the combination of R and Rg™ can be
regarded as an identical and analytical wave function, crossing the event
horizon, as

P~ R?ut_{__ ﬁ?lm= R(l)ut+enw/chl>lut* (34)
Similarly, if one extends the complex conjugate of the outgoing wave R{™
R?ul* — eiwu (35)

by analytical continuation to the inside of the horizon through the lower
half complex r plane, one has

R'cl)lut* = evnw/x eimu — e—nw/xR?lut (36)
Clearly, the combination
pr~ R{™* 4 R = R 4 ¢~ mom R (37)

can also be regarded as an identical and analytical wave function, crossing
the horizon.

In fact, equation (34) is the same as equation (15) except for the
normalization factor N,. Calculating their inner product, one has

(prs p1) ~ (1 =) <0
(P2s p2) ~(—1+e ™) <0
so both p, and p, are negative-frequency waves. We define
falk —_ eltw/pr2 — enw/ZKR?ut* + efnw/ZKRcl)lu( (39)

f:zk — e—mu/2vcpl — efnw/sz?ul + enm/ZxRi)lut*

(38)

and
.fl — enw/ZRR?ul + e Anw/ZKR?lul* (40)

f2 =e fmu/ZKRci*oul* + enw/2KR?lul
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They also form a complete orthonormal basis for the outgoing wave. Every
outgoing wave packet crossing the event horizon may be expanded by them
as

$ot = jdw [2 sinh(nw/K)] ~2(dDf, + d2fs + dOUF+ dDNY)  (41)

db, d2, dDt, dP' are annihilation operators and creation operators,
respectively. With them, one can construct another Fock space whose:
vacuum state is |0)},,:

dP10> 0w = dD|0>6u =0 (42)

It is easy to see that the ingoing wave solutions (22) form another
complete orthonormal basis for the ingoing wave. Every ingoing wave
packet can be expanded by them as

¢ = jdw (a,R™ + al,R™) (43)

so one can define the ingoing vacuum state |0);, as
a, l0>in = 0 (44)

Because the analytical properties of the modes (40) are the same as the
modes (22) on the space-time manifold, and they are analytical not only
inside but also outside the event horizon including the horizon itself, they
should correspond to the same vacuum state, so

0350 = [0Din (45)
It is easy to get the Bogoliubov transformation
bV =[2 sinh(nw/K)] ~'[e™**d) + e ~™P*dD] (46)

bg) _ [2 sinh(nw/;c)] - l/Z[enw/zxdg) + e—mo/chdg)t]

and to prove that there exist outgoing particles, in the ingoing vacuum
state, as

1

inC0[B5P1BG 2|0, = [2 sinh(row /K)] ~! e T = T =7 4D
This shows that the ingoing vacuum state is transformed into an outgoing
state containing thermal particles after scattering on the event horizon.
We obtain the Unruh-type analytical functions (39) and (40) making
use of the analytical continuation method suggested by Damour and
Ruffini, and we prove that there exists Hawking radiation by means of the

Unruh-type Bogoliubov transformation.
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3. FROM UNRUH TO DAMOUR-RUFFINI

Now, we will point out that the Unruh-type analytical function (40)
can be directly obtained by means of the Damour—Ruffini analytical
continuation, but through the upper half complex r plane. And we can get
the Hawking thermal spectrum after calculating the inner product of the
Unruh-type wave function by means of the Damour-Ruffini approach,
without the Bogoliubov transformation (46).

Extending the outgoing waves R{"* and R{"* outside the horizon to
its inside by analytical continuation through the upper half complex r plane
as

(r—2M)->|r—2M|e™=(2M —r) e’ (48)

we have
RY™ - Ript = o ~mole Repus (49)
R{™* - Ript* = emol Ry (50)
The analytical wave functions across the event horizon can be written as
Y1~ RES 4 e mmeR RRU (1)
Y2~ RY 4 e RRY (52)

Equation (51) multiplied by e™/ is just f, in equation (40). Equation (52)
multiplied by e ™/>* is f,. It is clear that the Unruh-type analytical
functions have been obtained by means of the analytical continuation
method suggested by Damour and Ruffini.

Carrying out the Damour—Ruffini approach continually, we get the
Hawking thermal spectrum from the Unruh-type wave functions (51) and
(52), without the Bogoliubov transformation. Introducing a factor N, e™/*,
we can write equation (51) as

Y1 = Ni(e™*R{™ + R{') (53)
where N, is a normalization factor. Calculating the inner product, we have

L=y, ¥,) = N> ~1) (54)
so we get the Hawking thermal spectrum
1

ean/x —1

Ni= (5%)

Similarly, multiplying by a normalization factor N,, we can show equation
(52) as

Yo = N(RP™™* + e™/*R}M) (56)
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Its inner product is
1=y, ¥2) = N3(—1+e¥") (57
The thermal spectrum is still

NZ————1~— (58)

2= e2molk _ |
By the way, the difference between equations (15) and (34) is only the
normalization factor N,. The thermal spectrum (20) obtained by means of
the Damour—Ruffini approach is just that given by the inner product of p,.
Introducing a normalization factor, we can write as

pr = N3(RT™ + e™/“R{"*) (59)
Calculating the inner product
(1, p1) = N3(1 —e*™) <0 (60)
so (p;, p;) = — 1, we have the thermal spectrum
' 1
Ni=—— (61)

3=
e21tw/x _ 1

Similarly, introducing a factor N, e™*, we have

p2= Ny R{™* + R) (62)
so we get
—1=(ps, p;) =N(—e>™ +1) (63)
1

With the Schwarzschild coordinates, neither R{"* nor R{* is analytic at the
event horizon. One can think that the black hole space-time is divided into
two parts by the horizon, r >r, and r <r,. When r is regarded as a
complex number, both R{* and R{“* can be extended to the inside of the
black hole by analytical continuation through the complex r plane, so each
of the wave functions ¥, ¥,, p,, and p, can be regarded as an analytical
function of the complex manifold. They are pure quantum states in the
complex space-time. When r is regarded as a real number, the real
space-time is divided into two parts by the event horizon. Each one of the
outgoing waves ¥/, ¥,, p;, and p, is also divided into two parts. One part
is inside the black hole, another part is outside the black hole. No
information can transit the event horizon from inner to outer, so the two
parts of every outgoing wave are not correlated with each other. Then, the
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pure state wave functions ¥, ¥/,, p;, and p, in the complex space-time are
mixtures in the real space time, which shows thermal properties. This is the
physical significance of the Damour-Ruffini approach.

4. CONCLUSION

The Unruh-type analytical wave functions can be obtained by means
of the Damour—Ruffini approach. /¥ and f% (i.e., p, and p,) given by the
analytical continuation through the lower half complex r plane (Damour-
Ruffini) are, respectively, the complex conjugate functions of f, and f; (i.e.,
¥, and ¥,) given by the continuation through the upper half complex r
plane (Unruh). Normalizing these wave functions, or making use of them
to construct the Bogoliubov transformation, one can get the same Hawking
radiation spectrum.

The physical significance of the Damour—Ruffini approach is that the
pure state wave function defined on the connected complex (r) space-time
manifold is a mixture showing thermal properties in the real r space-time
manifold, which is divided into two parts by the event horizon.
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